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We elaborate a full superfield description of the interacting system of dynamical D = 4, N = 1
supergravity and dynamical superstring. As far as minimal formulation of the simple supergravity
is used, such a system should contain as well the tensor (real linear) multiplet which describes
the dilaton and the two–superform gauge field whose pull–back provides the Wess–Zumino term
for the superstring. The superfield action is given by the sum of the Wess–Zumino action for
D = 4, N = 1 superfield supergravity, the superfield action for the tensor multiplet in curved
superspace and the Green–Schwarz superstring action. The latter includes the coupling to the
tensor multiplet both in the Nambu–Goto and in the Wess–Zumino terms. We derive superfield
equations of motion including, besides the superfield supergravity equations with the source, the
source-full superfield equations for the linear multiplet. The superstring equations keep the same
form as for the superstring in supergravity and 2–superform background. The analysis of gauge
symmetries shows that the superfield description of the interacting system is gauge equivalent to
the dynamical system described by the sum of the spacetime, component action for supergravity
interacting with tensor multiplet and of the purely bosonic string action.
PACS numbers: 11.30.Pb, 11.25.-w, 04.65.+e, 11.10Kk
Introduction
Recently, there has been a new interest in the super-
field description of supergravity [1, 2, 3, 4]. It is moti-
vated, in particular, by the search for a superfield for-
mulation of 10–dimensional supergravity incorporating
the superstring corrections (see [5, 6, 7] for early stud-
ies and [8, 9] for discussions). Supergravity was known
to appear at the point–like limit of the supersting which
corresponds to α′ → 0 limit, i.e. to zeroth order in the
decomposition in the Regge slope parameter α′. Already
at the first order in α′, the string corrections modify the
supergravity equations of motion. On the other hand,
the known superfield formulations of D = 10 supergrav-
ity provide its on–shell description; it is given by the
on–shell constraints on superspace torsion, which imply
the dynamical equations for the physical fields. There
are just the equations which correspond to the α′ → 0
limit of superstring. Thus the incorporation of the α′
corrections requires the modification of the standard su-
perspace constraints: a search for a possibility to replace
the on-shell constraints by a set of off-shell constraints,
or, at least, by a set of ’on any shell’ constraints [1] includ-
ing some parameters which specify the right–hand side of
the supergravity equations and which can be chosen to
describe the superstring corrections to such equations.
Basically the same problem appears when one searches
for a superfield description of a superbrane interacting
with higher dimensional supergravity. The superbrane is
defined as a brane moving in superspace. It is well known
[10, 11] that the requirement of a smooth flat superspace
limit for the superbrane in curved superspace (which im-
plies that the superbrane action in a curved superspace
background should possess the same number of gauge
symmetries, including fermionic κ–symmetries [12]) re-
sults in the standard on–shell supergravity constraints.
However, as was said above, such constraints imply the
‘free’ supergravity equations of motion without any su-
perbrane source. On the other hand, as is clear from the
purely bosonic limit (gravity interacting with a bosonic
brane), the brane should provide a source in the Einstein
equation [42]. So one could get the (mistaken) impres-
sion that supersymmetry forbids interaction with an ex-
tended object, at least at the classical level. Certainly
this is not the case. The resolution of such a paradox
and a search for a consistent (quasi)classical description
of the supergravity—superbrane interacting systems is
of interest in its own, as well as in relation with its pos-
sible applications to the study of quantum gauge theo-
ries in the language of classical supergravity–superbrane
models along the line of the AdS/CFT correspondence
[14, 15, 16].
The study of the complete Lagrangian superfield de-
scription of the supergravity–superbrane interacting sys-
tem, when it is possible, e.g. in D = 4, N = 1 curved
superspace, might provide new insights into the search
for a modification of higher–dimensional (D = 10, 11)
supergravity constraints in such a way that they would
produce dynamical equations with sources, including sin-
gular sources from superbranes and nonsingular sources
describing the stringy corrections.
2Such a study has been carried out in [17] for the in-
teracting system of dynamical D = 4, N = 1 supergrav-
ity and a massless superparticle source. Here we elab-
orate the superfield description of the next more com-
plex system which includes, besides dynamical D = 4,
N = 1 supergravity, the dynamical superstring. It has
some specific features in comparison with the system al-
ready studied in [17]. First, the source is provided by
a supersymmetric extended object. Second, as far as
the minimal formulation of D = 4, N = 1 supergrav-
ity is considered, one finds (see [18]) that the Wess–
Zumino term of the superstring describes a coupling to
an additional, dynamical tensor (or real linear) multiplet
[19, 20] which can be used to formulate the nontrivial
2-superform gauge theory in superspace [21]. Moreover,
superstring κ–symmetry requires the identification of the
tensor multiplet with a dilaton superfield and its coupling
to the kinetic, Nambu–Goto term of the superstring ac-
tion. Thus the superfield action for the interacting sys-
tem which we will study in this paper includes, in ad-
dition to the Wess–Zumino action for supergravity [22]
and the D = 4, N = 1 Green–Schwarz superstring action
[23], also a superfield action [24] for the tensor multiplet
[19] in a curved superspace of minimal supergravity [43].
It has the form (see the main text for the notations)
S =
∫
d8Z sdet(EM
A)
(
1 + s
Φ
2
e
Φ
2
)
+
1
2πα′
Ssstr , (1)
Ssstr =
1
2
∫
W 2
d2ξ e
Φˆ
2
√
|det(EˆamEˆ
b
nηab| −
∫
W 2
Bˆ2 , (2)
where s is the coupling constant for the tensor multiplet,
1
2πα′ is the superstring tension, which we set equal to
unity in the main text of the present article, ξm = (τ, σ)
are local coordinates of the string worldsheetW2, Eˆam :=
∂mZˆ
M (ξ)EM
A(Zˆ(ξ)), the supervielbein EM
A(Z) and 2–
superform B2 :=
1
2dZ
M∧dZNBNM (Z) are subject to the
constraints given in Sec. I, and, finally, the superfield e
Φ
2
satisfies the defining constraints of a tensor multiplet in
curved superspace,
(DD − R¯)e
Φ
2 = 0 , (D¯D¯ −R)e
Φ
2 = 0 . (3)
The main result of this paper is the complete set of
superfield equations of motion for the interacting dy-
namical system (1), including the superfield supergrav-
ity equations and the dynamical equations for the tensor
multiplet (3) with the superstring source [44]. This can
provide some insight in a search for source-full super-
field equations for more complicated interacting systems
in D = 10, 11 superspaces. These superfield equations
can also be used to search for superfield solutions of the
superfield supergravity equations [45]; this might open
completely new possibilities.
On the other hand, a recent study of supergravity–
superbrane interactions indicates the gauge equivalence
of the superfield description of the dynamical supergrav-
ity interacting with a superbrane source with a simpler
system which is described by the sum of a standard (com-
ponent) supergravity action and of the action of purely
bosonic brane (a purely bosonic limit of the associated su-
perbrane). Until now this had been checked by a straight-
forward study of the D = 4 supergravity–superparticle
interacting system [17]. The present investigation shows
the same result for the supergravity—superstring system
and, thus, provides an explicit check of such a gauge
equivalence for the dynamical system including an ex-
tended object as a source. This gauge equivalence also
promises to be useful to search for new solitonic solu-
tions of superfield supergravity, with nontrivial fermionic
fields. (Very few such solutions are known; an example
is the pp–wave solution of [32]).
This paper is organized as follows. Sec. I is devoted to
the Green–Schwarz superstring in curved D = 4, N = 1
superspace. The superstring action (2) involves, in addi-
tion to (the pull–backs of) the supervielbein, the scalar
superfield Φ and the two–superform B2, neither of which
is involved in the superfield description of minimalD = 4,
N = 1 superfield supergravity. The flat superspace limit
of the superstring action is reviewed in Sec. IA. In Sec.
IB we show (in a way close to [18]) that the require-
ment of preservation of the superstring κ–symmetry in
the minimal curved D = 4, N = 1 superspace results
in constraints for the field strengths H3 = dB2 and find
that these constraints express H3 in terms of the dilaton
superfield Φ. Furthermore, a study of the Bianchi iden-
tities dH3 ≡ 0 in a way close to the one of Ref. [18, 21]
(Sec. IC) concludes that the superfield eΦ/2 obeys the
defining constraints of the tensor multiplet, Eqs. (3).
Sec. II collects the necessary information about the su-
perfield supergravity action [22, 37] and their variations
[17, 22]. Sec. III describes the admissible variations of
the tensor multiplet (dilaton superfield Φ) and of the
B2 superform. In Sec. VI we present the complete su-
perfield action for the supergravity—tensor multiplet—
superstring interacting system and derive the superfield
equations of motion by its variation (Secs. IVA,B,C).
[Superfield equations which follow from the sum of the
superfield action of the minimal supergravity and the
tensor multiplet, without including the superstring ac-
tion, were considered in [27, 29] in connection with the
D = 4 N = 1 limit/compactification of the heterotic
superstring]. The superfield generalizations of the Ein-
stein and Rarita–Schwinger equations with sources are
presented in Sec. VD and those of the Kalb–Ramond
equations for tensor gauge fields in Sec. VE.
Then, in Sec. VA, by studying the gauge symmetries
and using known results about fixing the Wess–Zumino
gauge (see [17] and refs. therein) we show that the super-
field description of the supergravity—tensor multiplet—
superstring interacting system is gauge equivalent to a
supergravity—tensor multiplet—bosonic string dynami-
cal system described by the sum of the component (space-
time) action for supergravity interacting with tensor mul-
tiplet [24] and the action for the purely bosonic string, the
purely bosonic limit of the Green–Schwarz superstring.
3In Sec. VB we check this gauge equivalence at the level of
equations of motion by proving that the dynamical equa-
tions of motion which follow from the complete superfield
description, when considered in the special ‘fermionic
unitary gauge’ (ZˆM (ξ) := (xˆµ(ξ), θˆαˇ(ξ)) = (xˆµ(ξ), 0))
have the same properties as the equations derived from
the gauge fixed action (the action in the ‘fermionic uni-
tary gauge’). Namely we show that all the dynamical
equations for fermions become sourceless in this gauge.
Our conclusions are collected in Sec. VI.
I. GREEN–SCHWARZ SUPERSTRING IN A
D = 4, N = 1 SUPERGRAVITY BACKGROUND
The Green–Schwarz superstring spans a two–
dimensional worldsheet W2 in superspace Σ(4|4),
W2 ⊂ Σ(4|4) , ZM = ZˆM (ξm) . (1.1)
In (1.1) ZM = (xµ, θαˇ) are coordinates of D = 4, N = 1
superspace (µ = 0, 1, 2, 3, αˇ = 1, 2, 3, 4), ξm = (τ, σ) are
local worldsheet coordinates (m = 0, 1) and ZˆM (ξ) =
(xˆµ(ξ), θˆα˘(ξ) ) are supercoordinate functions that define
the surface W2 in Σ(4|4). One can also say that ZˆM (ξ)
are defined by the map
φˆ :W 2 → Σ(4|4) , ξm 7→ ZˆM (ξ) = (xˆµ(ξ), θˆα˘(ξ) ) ,(1.2)
of the coordinate chart W 2 into Σ(4|4).
The D = 4, N = 1 version of the Green–Schwarz su-
perstring action reads
Ssstr =
∫
W 2
Lˆ2 =
∫
W 2
[
1
4
e
Φˆ
2 ∗ Eˆa ∧ Eˆbηab − Bˆ2]
≡
∫
d2ξ
√
det |g| −
∫
W 2
Bˆ2 , (1.3)
g = det(gmn) , gmn = Eˆ
a
mEˆna . (1.4)
It involves the pull–backs of the forms on superspace to
W2,
Eˆa ≡ φˆ∗(Ea) = dZˆM (ξ)E aM (Zˆ) ≡ dξ
mEˆam , (1.5)
Eˆam := ∂mZˆ
ME aM (Zˆ(ξ))
for the bosonic supervielbein form Ea on Σ(4|4),
EA ≡ (Ea, Eα) = (Ea, Eα, E¯α˙) ; (1.6)
Ea = dZMEaM (Z) , (1.7)
Eα = dZME
α
M (Z) ↔
{
Eα = dZMEαM (Z) ,
E¯α˙ = dZM E¯α˙M (Z) .
(1.8)
In Eqs. (1.6)–(1.8) a = 0, 1, 2, 3 is a tangent space vector
index, α = 1, 2, 3, 4 is a Majorana spinor index and α =
1, 2, α˙ = 1, 2 are Weyl spinor indices.
The action (1.3) involves also the pull–back Φˆ ≡
φˆ∗(Φ) = Φ(Zˆ) of a dilaton superfield Φ(Z) and the pull–
back
Bˆ2 ≡ φˆ∗(B2) = B2(Zˆ(ξ)) =
1
2 Eˆ
B ∧ EˆABAB(Zˆ(ξ))
≡ 12dξ
m ∧ dξnBˆnm(ξ) , (1.9)
Bˆnm(ξ) := ∂mZˆ
M∂nZˆ
NBNM (Zˆ)
of a two–form on Σ(4|4),
B2 =
1
2
EB ∧ EABAB(Z) . (1.10)
The worldsheet Hodge star operator ∗
∗ Eˆa = dξn
√
|g|ǫnkg
kmEˆam ,
⇒ ∗Eˆa ∧ Eˆb = d2ξ
√
|g|gmnEˆamEˆ
b
n , (1.11)
can be defined using the induced worldsheet metric (1.4).
Then
1
4 ∗ Eˆa ∧ Eˆ
a = 12d
2ξ
√
|g| , (1.12)
δ(∗Eˆa ∧ Eˆa) = 2 ∗ Eˆa ∧ δEˆa . (1.13)
Substituting (1.12) in (1.3) one arrives at the more fa-
miliar form of the Green–Schwarz superstring action (2).
A. Superstring κ–symmetry in flat superspace
In flat superspace one may consider a vanishing dilaton
superfield, Φ(Z) = 0 (although this is not obligatory in
D = 4, N = 1 superspace, where Φ(z) is described by
a separate multiplet, see below) and use the standard
expression for the supervielbein
flat superspace :
Ea = dXµδaµ − idθ
ασaαα˙θ¯
α˙ + iθασaαα˙dθ¯
α˙ , (1.14)
Eα = dθβˇδβˇ
α ≡ dθα ,
E¯α˙ = dθβˇδβˇ
α˙ ≡ dθ¯α˙ , (1.15)
where αˇ = 1, 2, 3, 4 shall be treated as a Majorana spinor
index, αˇ = α ; θβˇ = θβ = (θβ , θ¯β˙) (i.e. θ
βˇ ≡ θαδβˇα +
θ¯α˙δ
βˇα˙). The ‘vacuum value’ of the two–form B2 has to
be chosen as
flat superspace , Φ(Z) = 0 :
B2 = −
i
2dX
µδaµ ∧ [dθ
ασaαα˙θ¯
α˙ − θασaαα˙dθ¯α˙] . (1.16)
Then the pull–back Bˆ2 = φ
∗(B2) of the two–form B2
(1.16) produces the standard form of the Wess–Zumino
term of the D = 4 Green–Schwarz superstring action
[23]. Due to its presence the action possesses a local
fermionic symmetry, the seminal κ–symmetry [12, 23].
Its transformation rules can be formulated as follows
iκEˆ
a := δκZˆ
MEaM (Zˆ) = 0 ,
iκEˆ
ασaαα˙ (∗Eˆ
a − Eˆa) = 0 . (1.17)
4Indeed, as (∗Eˆa− Eˆa) = dξn(δmn +
√
|g|ǫnkgkm)Eˆam and,
in flat superspace, Ea has the form of Eq. (1.14), the
solution of Eqs. (1.17) with respect to δκX
µ and δκθ
α
gives the D = 4 version of the Green–Schwarz expression
for the superstring κ–symmetry [23],
flat superspace , Φ(Z) = 0 :
δκXˆ
µ = iδκθ
ασaαα˙θ¯
α˙ + c.c. ,
δκθˆ
α = κ¯nα˙(δ
m
n −
√
|g|ǫnkgkm)Eˆamσ˜
α˙α
a , (1.18)
δκ
ˆ¯θα˙ = (δκθˆ
α)∗ .
B. Superstring κ–symmetry and superspace
constraints for supergravity and the tensor
multiplet.
When the Green–Schwarz superstring is considered in
curved superspace, i.e. in the presence of superfield su-
pergravity, the natural selfconsistency condition is the
existence of a smooth flat superspace limit. This implies,
in particular, that the number of local symmetries of the
action in a superfield supergravity background should be
the same as in the case of flat superspace. This means,
again in particular, that κ–symmetry should be present
in the superstring model in a supergravity background.
However, it is well known that κ–symmetry occurs only
when the background satisfies certain constraints [10, 11].
This occurs also with the D = 4 N = 1 Green–Schwarz
superstring [18] (see also [25, 27, 28]). For the sake of
completeness and to establish the notation used in next
sections we present here some details of the constraint
derivation.
The variation of the Green–Schwarz superstring action
(1.3) in a general curved superspace looks like
δSsstr =
∫
W 2
[
1
2
e
Φˆ
2 ∗ Eˆa ∧ δEˆ
a+
+
1
8
e
Φˆ
2 ∗ Eˆa ∧ Eˆ
aδΦ− δBˆ2
]
. (1.19)
As the only dynamical variables in a curved superspace
background are the supercoordinate functions ZˆM (ξ),
one only considers in this case
δZˆSsstr =
∫
W 2
[
1
2
e
Φˆ
2 ∗ Eˆa ∧ δZˆEˆ
a+
+
1
8
e
Φˆ
2 ∗ Eˆa ∧ Eˆ
aδZˆΦ− δZˆBˆ2
]
, (1.20)
and the variations δZˆ of the pull–backs of differential
forms are given by Lie derivatives,
δZˆEˆ
a ≡ δZˆE
a(Zˆ) := Ea(Zˆ + δZˆ)− Ea(Zˆ) =
= iδZˆ(dEˆ
a) + d(iδZˆEˆ
a) =
= iδZˆ Tˆ
a +D(iδZˆEˆ
a) + EˆbiδZˆwb
a , (1.21)
δZˆBˆ2 = iδZˆHˆ3 + diδZˆBˆ2 , H3 := dB2 ,(1.22)
where
iδZˆE
a(Zˆ) := δZˆMEaM (Zˆ) , (1.23)
iδZˆw
ab := δZˆM wabM (Zˆ) , (1.24)
iδZˆ Tˆ
a := EˆC iδZˆEˆ
BTBC
a(Zˆ) , etc., (1.25)
the torsion T a and the covariant exterior derivative
D are defined below (Eqs. (1.26)–(1.28)) and wab =
dZMwM
ab = −wba is the spin connection.
Now it is clear that κ–symmetry is not present in a
general curved superspace. As we are interested in the
superstring interaction with supergravity, we have to im-
pose first the constraints on the torsion of curved super-
space
T a := DEa = dEa − Eb ∧ wb
a ≡
≡ 12E
B ∧ ECTCBa , (1.26)
Tα := DEα = dEα − Eβ ∧ wβα ≡
≡ 12E
B ∧ ECTαCB , (1.27)
T α˙ := DE¯α˙ = dE¯α˙ − E¯β˙ ∧ wβ˙
α˙ ≡
≡ 12E
B ∧ ECT α˙CB , (1.28)
and on the Riemann curvature two–form
Rab := dwab − wac ∧ wcb ≡
1
2E
C ∧EDRDCab .(1.29)
The minimal off–shell formulation of D = 4, N = 1
supergravity is described by the set of constraints (see
[37] and refs. therein)
Tαβ˙
a = −2iσa
αβ˙
,
Tαβ
A = 0 = Tα˙β˙
A , Tαβ˙
γ˙ = 0 , Tαb
c = 0 ,(1.30)
Rαβ˙
ab = 0 . (1.31)
These constraints and their consequences (derived
from the Bianchi identities) can be collected in the fol-
lowing expressions for the torsion two–forms [22, 37]
T a = −2iσaαα˙E
α ∧ E¯α˙ + 116E
b ∧ EcεabcdGd , (1.32)
Tα = i8E
c ∧ Eβ(σcσ˜d)βαGd −
− i8E
c ∧ E¯β˙ǫαβσcββ˙R+
1
2E
c ∧ Eb Tbcα , (1.33)
T α˙ = i8E
c ∧ Eβǫα˙β˙σcββ˙R¯−
− i8E
c ∧ E¯β˙(σ˜dσc)α˙β˙ G
d + 12E
c ∧ Eb Tbcα˙ , (1.34)
and for the superspace Riemann curvature 2–form
Rab := dwab − wac ∧wcb =
= 12R
αβ(σaσ˜b)αβ −
1
2R
α˙β˙(σ˜aσb)α˙β˙ , (1.35)
Rαβ ≡ dwαβ − wαγ ∧ wγβ ≡
1
4R
ab(σaσ˜b)
αβ =
= − 12E
α ∧ EβR¯− i8E
c ∧ E(α σ˜cγ˙β)D¯γ˙R¯−
+ i8E
c ∧ Eγ(σcσ˜d)γ (βDα)Gd −
− i8E
c ∧ E¯β˙σcγβ˙W
αβγ + 12E
d ∧ EcRcdαβ , (1.36)
Rα˙β˙ = (Rαβ)∗ . (1.37)
5The r.h.s’s of Eqs. (1.32)–(1.36) include the so–called
‘main superfields’ R, R¯ = R∗, Ga = (Ga)
∗ and the sym-
metric spin–tensor Wαβγ = W(αβγ) = (W¯α˙β˙γ˙)
∗, which
obey (also as a result of Bianchi identities)
DαR¯ = 0 , D¯α˙R = 0 , (1.38)
D¯α˙Wαβγ = 0 , DαW¯ α˙β˙γ˙ = 0 , (1.39)
D¯α˙Gαα˙ = DαR , D
αGαα˙ = D¯α˙R , (1.40)
DγWαβγ = D¯γ˙D(αGβ)γ˙ ,
D¯γ˙W¯ α˙β˙γ˙ = DγD¯(α˙|Gγ|β˙) . (1.41)
Here and below the brackets (square brackets) denote
symmetrization (antisymmetrization) with unit weight,
e.g. D(αGβ)γ˙ := 12 (D
αGβγ˙ +DβGαγ˙).
After the minimal D = 4, N = 1 supergravity con-
straints (1.32), (1.33) are taken into account, one finds
for the variation of the superstring action
δZˆSsstr =
− 12
∫
W 2
[D(e
Φˆ
2 ∗ Eˆa)−
1
4e
Φˆ
2 ∗ Eˆb ∧ Eˆb∇ˆaΦˆ]iδZˆE
a −
−i
∫
W 2 e
Φˆ
2 ∗ Eˆa ∧ σaαα˙
ˆ¯Eα˙ + c.c. −
− i8
∫
W 2 e
Φˆ
2 ∗ Eˆb ∧ Eˆb∇ˆαΦˆ iδZˆE
α + c.c.−
−
∫
W 2
iδZˆH3 , (1.42)
where we denote ∇AΦ|Z=Zˆ(ξ) := ∇ˆAΦˆ and ignore the
boundary contribution
∫
W 1=∂W 2
[ 12e
Φˆ
2 ∗Eˆb iδZˆEˆ
b−iδZˆBˆ2]
(which always vanishes for the case of a closed superstring
with ∂W 2 = ∅). The above consideration of the flat
superspace case suggests that κ–symmetry occurs in the
action (1.3) when also the constraints
Hαβγ = 0 , Hαβγ˙ = 0 , and c.c.
Hαβc = 0 , Hα˙β˙c = 0 , (1.43)
Hαα˙a = −ie
Φˆ
2 σaαα˙ (1.44)
are imposed on the field strength H3 = dB2 of the two–
superform B2 (1.10).
C. Gauge superform and tensor multiplet
The study of the Bianchi identities dH3 ≡ 0 in the
superspace restricted by the supergravity constraints
(1.32), (1.33), (1.34) shows that the field strength H3 is
completely determined by the constraints (1.43), (1.44).
It is expressed in terms of the dilaton superfield Φ(Z)
and the main superfields of the minimal supergravity by
H3 ≡ dB2 = −iE
a ∧ Eα ∧Eα˙σaαα˙e
Φ
2 +
+
1
8
Ea ∧ Eb ∧Eα(σ[aσ˜b])α
βe
Φ
2∇βΦ+ c.c.+
+
1
3!
Ea ∧ Eb ∧ EcHcba , (1.45)
Habc =
5
32
e
Φ
2 ǫabcdG
d +
1
8
ǫabcdσ˜
dα˙α[Dα, D¯α˙]e
Φ
2 .(1.46)
Thus the two form field strength is expressed, essen-
tially, through one real dilaton superfield Φ(Z).
Moreover, the same study of Bianchi identities brings
also the equations which, on first sight, seem to be rela-
tions between the dilaton superfield and the chiral main
superfield of minimal supergravity
R¯ = e−
Φ
2 D∇e
Φ
2 , R = e−
Φ
2 D¯∇¯e
Φ
2 . (1.47)
However, one notes that Eqs. (1.47) can be written as
(DD − R¯)e
Φ
2 = 0 , (D¯D¯ −R)e
Φ
2 = 0 , (1.48)
and they just imply that the D = 4, N = 1 dilaton
superfield describes the real linear multiplet[46].
The fact that a two–form in D = 4, N = 1 superspace
is described by real linear multiplet (tensor multiplet) is
known from the study in [21].
Thus we conclude that the complete superfield action
for the D = 4, N = 1 interacting system including the
superstring should involve, in addition to the superstring
action (1.3) and the Wess–Zumino action for the mini-
mal supergravity multiplet,
∫
d8Z E (see Eq. (2.1) be-
low) also an action for the tensor multiplet, described by
the real superfield e
Φ
2 which obeys the constraints (1.48).
The kinetic term of the latter action should involve, in
particular, the kinetic term for the two–index antisym-
metric tensor gauge field (or Kalb–Ramond field [38], first
introduced in D = 4 under the notoph name [39].) which
interacts naturally with a string. Such a kinetic term can
be written as [24] ∫
d8Z E
Φ
2
e
Φ
2 . (1.49)
Note that the first proposal for the tensor multiplet ac-
tion was different,
∫
d8Z E eΦ ≡
∫
d8Z E (e
Φ
2 )2 (see [21]
and refs. therein). The tensor multiplet with the ac-
tion (1.49) was referred to as ’improved tensor multiplet’
[24]. Its distinguishing property is invariance under the
Weyl transformations acting also on the dilaton super-
field, Ea → eΛEa, Eα → eΛ/2Eα, Φ(z) → Φ(Z) − 4Λ,
when Λ is given by a sum of chiral and antichiral super-
fields, Λ = i(φ − φ¯), Dαφ¯ = 0 = D¯α˙φ. The fact that the
superstring action (1.3) also possesses such a symmetry
makes the improved tensor multiplet action preferable
for a description of the tensor multiplet–superstring in-
teracting system.
Actually in the study of D = 4 N = 1
limit/compactification of the heterotic string [18, 25, 26,
27, 28, 29] it was argued that such a limit rather pro-
vided the minimal supergravity—tensor multiplet action
[18, 25]. We are not addressing this problem here but
rather considering the D = 4 N = 1 interacting sys-
tem (including the D = 4 N = 1 superstring) as a rel-
atively simple model for the (quasi)classical description
of a more complicated, higher dimensional (D = 10, 11)
supergravity—superbrane interacting system [in partic-
ular, the D = 10 N = 1 supergravity–super Yang–
Mills—heterotic string interacting system described by
6a hypothetical superfield action also including, in ad-
dition to the supergravity and the super–YM parts,
the heterotic string action [13], as well as the D =
10 type II supergravity—super–Dp–brane and D = 11
supergravity—super–Mp–brane systems]. As so, an in-
teresting alternative possibility is to consider the so–
called new minimal formulation of the simple supergrav-
ity [30], where the auxiliary fields can be collected into a
real linear multiplet. Here we will not consider this pos-
sibility, but proceed with the description of superstring
interacting with dynamical real linear multiplet and min-
imal N = 1 supergravity [47].
D. Superstring κ–symmetry in supergravity and
tensor multiplet background
With the constraints (1.32), (1.33), (1.34) and (1.45)
the variation (1.42) of the superstring action (1.3) be-
comes
δZˆSsstr =
− 12
∫
W 2 [D(e
Φˆ
2 ∗ Eˆa)−
1
4e
Φˆ
2 ∗ Eˆb ∧ Eˆ
b∇ˆaΦˆ]iδZˆE
a −
+i
∫
W 2 e
Φˆ
2 (Eˆa − ∗Eˆa) ∧ σaαα˙
ˆ¯Eα˙ + c.c.+
+ i8
∫
W 2
e
Φˆ
2 (Eˆb − ∗Eˆb) ∧ Eˆb∇ˆαΦˆ iδZˆE
α + c.c. (1.50)
Eq. (1.50) makes evident the presence of the local
fermionic κ–symmetry defined by Eq. (1.17), but now
with curved space supervielbein,
iκEˆ
a = 0 , iκEˆ
ασaαα˙ (∗Eˆ
a − Eˆa) = 0 . (1.51)
The solution of Eqs. (1.51) (cf. Eq. (1.18) and above)
provides us with the explicit form of the κ–symmetry
transformations,
δκZˆ
M (ξ) = κ¯nα˙(δ
m
n −
√
|g|ǫnkg
km)Eˆamσ˜
α˙α
a E
M
α (Zˆ) +
+ c.c. , (1.52)
where gnm(ξ) is the matrix inverse to the induced metric
gmn(ξ) = E
a
m(Zˆ)E
b
m(Zˆ)ηab =
= ∂mZˆ
M (ξ)∂nZˆ
N (ξ)ENa(Zˆ)E
a
M (Zˆ) . (1.53)
The standard flat superspace Green–Schwarz κ–
symmetry transformations (1.18) can be derived from
(1.52) by substitution of the flat superspace expressions
for the (inverse) supervielbein coefficients EMα (Zˆ) and for
EaM (Zˆ) in (1.53).
II. D = 4 N = 1 SUPERFIELD SUPERGRAVITY
ACTION
The action of D = 4 N = 1 supergravity is given by
the invariant supervolume of D = 4, N = 1 superspace
[22]
SSG =
∫
d4xd˜4θ sdet(EAM ) ≡
∫
d8Z E , (2.1)
where E := sdet(EAM ) is Berezinian (superdeterminant)
of the supervielbein EAM (Z), Eq. (1.7), and E
A
M (Z) are
assumed to be subject to the constraints (1.30), (1.31).
A. Admissible variations of supervielbein
As the supervielbein is considered to be restricted
by the constraints, its variation cannot be treated as
independent[48]. To find admissible variation one can,
following [22], denote the general variation of the super-
vielbein and spin connections by
δE AM (Z) = E
B
MK
A
B (δ) , δw
ab
M (Z) = E
C
Mu
ab
C (δ) , (2.2)
and obtain the equations to be satisfied by KAB (δ), u
ab
C (δ)
from the requirement that the constraints (1.30), (1.31)
are preserved under (2.2).
Quite complicated but straightforward calculations re-
sult in the following expression [17] for admissible varia-
tions of the supervielbein
δEa = Ea(Λ(δ) + Λ¯(δ))− 14E
bσ˜α˙αb [Dα, D¯α˙]δH
a +
+iEαDαδHa − iE¯α˙D¯α˙δHa , (2.3)
δEα = EaΞαa (δ) + E
αΛ(δ) + 18 E¯
α˙Rσaα˙
αδHa . (2.4)
In Eqs. (2.3), (2.4), Λ(δ), Λ¯(δ) are given by
Λ(δ) = 124 σ˜
α˙α
a [Dα, D¯α˙]δH
a + i4DaδH
a + 124GaδH
a
+2(DD − R¯)δU − (D¯D¯ −R)δU¯ (2.5)
Λ(δ) +Λ¯(δ) = 112 σ˜
α˙α
a [Dα, D¯α˙]δH
a + 112GaδH
a +
+(DD − R¯)δU + (D¯D¯ − R)δU¯ ; (2.6)
the explicit expression for Ξαa (δ) in (2.4) as well as the
expression for the basic variations of the spin connection,
uabC (δ) in Eq. (2.2), will not be needed below (they can
be found in [17]).
Note that the variations representing the manifest
gauge symmetries of supergravity are factored out from
the above expressions. These are the superspace local
Lorentz transformations and the variational version of
the superspace general coordinate transformations (see
[22]).
For the free supergravity action (2.1) the nontrivial
dynamical equations of motion should follow from the
variations (2.3), (2.4) with (2.5), (2.6) only. The varia-
tion of the superdeterminant E = sdet(EAM ) under (2.3),
(2.4), has the form (see [22])
δE = E[− 112 σ˜
α˙α
a [Dα, D¯α˙]δH
a + 16Ga δH
a +
+2(D¯D¯ −R)δU¯ + 2(DD − R¯)δU ] . (2.7)
In the light of the identity∫
d8ZE DAξA(−1)A =
=
∫
d8ZE (DAξA + ξBTBAA)(−1)A ≡ 0 , (2.8)
all the terms with derivatives can be omitted in (2.7)
when one considers the variation of the action (2.1). [The
7first equation in (2.8) uses the minimal supergravity con-
straints which imply TBA
A)(−1)A = 0]. Hence,
δSSG =
∫
d8Z δE =
=
∫
d8ZE [ 16Ga δH
a − 2R δU¯ − 2R¯ δU ] (2.9)
and one arrives at the following superfield equations of
motion for ‘free’, simple D = 4, N = 1 supergravity:
δSSG
δHa
= 0 ⇒ Ga = 0 , (2.10)
δSSG
δU¯
= 0 ⇒ R = 0 , (2.11)
δSSG
δU
= 0 ⇒ R¯ = 0 . (2.12)
III. TENSOR MULTIPLET IN CURVED
SUPERSPACE
A. The ‘improved’ action for tensor multiplet
As was argued in Sec. ID (see also [18, 25, 27]), the
most suitable action for the description of a tensor mul-
tiplet interacting with a superstring is provided by the
Weyl invariant de Wit–Rocˇek action [24], Eq. (1.49),
SΦ = s
∫
d8Z E Φ2 e
Φ
2 , (3.1)
(DD − R¯)e
Φ
2 = 0 , (D¯D¯ −R)e
Φ
2 = 0 .
The variation of such an action with respect to the su-
perfield Φ constrained by (1.48) and with respect to the
supergravity multiplet is technically quite involved. How-
ever, the following observation helps. The two–form sat-
isfying the constraints (1.45) is expressed essentially in
terms of the tensor multiplet superfield e
Φ
2 . Thus the
problem of varying the real linear multiplet is equiva-
lent to the problem of finding admissible variations of
the two–form B2 satisfying the constraints (1.45). Such
a task appears to be more algorithmic. Moreover, for
the variation of the interacting action we will, anyway,
need the form of the admissible variations of B2 super-
form, as its pull–back defines the Wess–Zumino term of
the Green–Schwarz superstring (1.3).
B. Varying the tensor multiplet. Admissible
variations of the two–form gauge superfield
Clearly the constraints (1.45) make it impossible to
consider the variations of the two–form B2 as indepen-
dent. One rather has to define (cf. Sec. IIA)
δB2 =
1
2
EA ∧EBbBA(δ) (3.2)
and find the expressions for bBA(δ) = −(−1)
BAbAB(δ)
from the conditions of conservation of the constraints
(1.45). Factoring out the gauge transformations
δgaugeB2 = dα1, one finds after tedious calculations
bαβ(δ) = 0 , bαβ˙(δ) = 0 , bα˙β˙(δ) = 0 , (3.3)
bβb(δ) = σbββ˙(DD − R¯)δν¯
β˙ −
− i2 (ηabδ + σbσ˜a)β
γ∇γe
Φ
2 δHa , (3.4)
bβ˙b(δ) = −σbββ˙(D¯D¯ −R)δν
β +
+ i2 (ηabδ + σ˜aσb)
γ˙
β˙∇¯γ˙e
Φ
2 δHa , (3.5)
bab(δ) = −
i
4 (σ˜[aσb])
β˙
α˙D¯β˙(DD − R¯)δν¯
α˙ −
− i4 (σ[aσ˜b])α
βDβ(D¯D¯ −R)δνα
+ 12e
Φ
2 σ˜β˙β[a [Dβ, D¯β˙ ]δHb] −
i
2ǫabcdD
ce
Φ
2 δHd (3.6)
As the components of the superfield strength of the
two–form B2 are expressed through the dilaton super-
field, it should not be a surprise that the preservation of
the constraints (1.45) defines as well the variation of the
dilaton superfield,
δe
Φ
2 = i2 D¯α˙(DD − R¯)δν¯
α˙ − i2Dα(D¯D¯ −R)δν
α −
− 14 σ˜
β˙β
a [Dβ , D¯β˙]e
Φ
2 δHa − 2e
Φ
2 (Λ(δ) + Λ¯(δ)) , (3.7)
where (Λ(δ) + Λ¯(δ)) is defined in Eq. (2.6).
IV. INTERACTING ACTION AND
SUPERFIELD EQUATIONS OF MOTION
Now that we have found all the necessary basic varia-
tions, we may turn to varying the coupled action
S =
∫
d8Z sdet(EM
A) (1 + s
Φ
2
e
Φ
2 ) + Ssstr , (4.1)
Ssstr =
∫
W 2
[
1
4
∗ Eˆa ∧ Eˆ
ae
Φˆ
2 − Bˆ2] , (4.2)
to derive the equations of motion.
A. Superstring equations
Clearly, the superstring equations of motion for the
interacting system keep the same form as the superstring
equations in the superspace background of the superfield
supergravity and tensor multiplet,
(∗Eˆa − Eˆa) ∧ (σaαα˙
ˆ¯Eα˙ − i8 Eˆ
b(σaσ˜b)α
β∇ˆβΦˆ) = 0 ,
and c.c. , (4.3)
D(e
Φˆ
2 ∗ Eˆa) + Eˆc ∧ Eˆb Hˆabc −
− 12 ∗ Eˆb ∧ Eˆ
b ∇ˆae
Φˆ
2 + Eˆc ∧ Eˆα(σ[aσ˜b])α
β∇ˆβe
Φˆ
2 −
− 2iEˆα ∧ ˆ¯Eα˙σaαα˙e
Φˆ
2 = 0 . (4.4)
8B. Superfield equations for tensor multiplet
The equations of motion for the tensor multiplet ap-
pear as a result of the δνα and δν¯α˙ variations of the
dilaton superfield, Eq. (3.7), and the 2–superform B2,
Eqs.(3.3)–(3.6). They are
s(D¯D¯ −R) (e−
Φ
2Dαe
Φ
2 ) = −(D¯D¯ −R)DαKaa +
+4iσbαβ˙(D¯D¯ −R)W
bβ˙ −
− 12 (σ[aσ˜b])α
β(D¯D¯ −R)DβW ab , (4.5)
s(DD − R¯) (e−
Φ
2 D¯α˙e
Φ
2 ) = −(DD − R¯)D¯α˙Kaa +
+4iσbβα˙(DD − R¯)W bβ +
+ 12 (σ˜[aσb)
β˙
α˙(DD − R¯)D¯β˙W
ab , (4.6)
where
WBA :=
1
2
∫
W 2
1
Eˆ
EˆB ∧ EˆA δ8(Z − Zˆ) (4.7)
are current prepotentials which appear naturally in any
variation of the Wess–Zumino term of the superstring
action. In the same manner, any variation of the Nambu–
Goto terms of the superstring action will be expressed
through the current prepotential
KBa :=
1
4
∫
W 2
e
Φˆ
2
Eˆ
∗ Eˆa ∧ Eˆ
B δ8(Z − Zˆ) (4.8)
(cf. with the superparticle current prepotentials in [17]).
C. Superfield supergravity equations
Now let us turn to the supergravity equations for the
coupled system, which appear as a result of the δHa, δU ,
δU¯ variations (see Sec.II for free supergravity).
The first observation is that, in accordance with (3.7)
and (2.3), the variation of the Nambu–Goto terms of the
superstring action with respect to supergravity super-
fields does not contain an input from Λ(δ), Λ¯(δ), defined
in Eq. (2.5), (2.6),
δUSsstr =
∫
W 2
[ 12 ∗ Eˆa ∧ δU Eˆ
ae
Φˆ
2 + 14 ∗ Eˆa ∧ Eˆ
aδUe
Φˆ
2 ] =
= 12
∫
W 2 ∗Eˆa ∧ Eˆ
ae
Φˆ
2 (DD − R¯)δU
− 14
∫
W 2
∗Eˆa ∧ Eˆae
Φˆ
2 2(DD − R¯)δU = 0 .(4.9)
Clearly, no such inputs come from the variations of the
pull–back Bˆ2 of the two–form B2, as Eqs. (3.3)–(3.6)
does not contain Λ(δ), Λ¯(δ) at all. As the chiral varia-
tions (DD− R¯)δU and c.c. are involved in the variations
of the supervielbein only inside the Λ(δ), Λ¯(δ) combina-
tions, this means that the equations δSδU = 0 and
δS
δU¯
= 0
do not possess an input from the superbrane source (as
was also the case with the supergravity—superparticle
system, see [17]). These equations can acquire an in-
put from the action of the real linear multiplet, which
in general, has the form s
∫
d8ZEf(Φ2 ) with an arbitrary
function f . However, one can check that an input in the
δU variation of the improved kinetic term, s
∫
d8ZEΦ2 e
Φ
2 ,
also vanishes
δU
∫
d8ZEΦ2 e
Φ
2 = 0 . (4.10)
Thus for the coupled action (4.1) one finds that the chiral
superfield equation δSδU = 0 remains the same as in the
case of ‘free’ supergravity,
δS
δU
= 0 ⇒ R¯ = 0 , (4.11)
δS
δU¯
= 0 ⇒ R = 0 . (4.12)
Thus, in this case, as in the case of supergravity–
massless superparticle [17], only the vector superfield su-
pergravity equation δSδHa = 0 acquires a source term from
the superstring. However, in the coupled system under
consideration, these equations are more complicated due
to the supergravity interaction with the tensor multiplet,
δS
δHa
= 0 ⇒
Ga (1− se
Φ
2 ) = Ja +
+ s(5 + 3
Φ
2
)σ˜β˙βa [Dβ , D¯β˙]e
Φ
2 +
+ 3sσ˜β˙βa e
−Φ2 Dβe
Φ
2 D¯β˙e
Φ
2 . (4.13)
The superstring current potential
Ja = −6
δSsstr
δHa
(4.14)
entering the r.h.s of Eq. (4.13), can be expressed through
two types of current prepotentials, Eqs. (4.8) and (4.7),
as follows
−
1
6
Ja = 2iDβKβa − 2iD¯β˙K
β˙
a − σ˜
β˙β
b [Dβ , D¯β˙ ]Ka
b −
− 14Kb
bσ˜β˙βa [Dβ , D¯β˙ ]e
Φ
2 +
+iW bα(ηbaδ + (σbσ˜a)α
β∇βe
Φ
2 −
−iW bα˙(ηbaδ + (σ˜aσb)
β˙
α˙∇¯β˙e
Φ
2 +
+
1
2
σ˜bβ˙β [Dβ , D¯β˙](e
Φ
2 Wab) +
i
2ǫabcdW
bc∇de
Φ
2 . (4.15)
The first line of the r.h.s of Eq. (4.15) has exactly
the same form as the expression for the current through
the superparticle current potential in the supergravity—
superparticle coupled system [17]; the second line con-
tains the trace Kb
b of the bosonic current potential (4.8)
which vanishes in the superparticle case but is nonzero
for the superstring; the remaining part of the r.h.s of
Eq. (4.15) contains the current prepotentials (4.7) which
come from the variation of the superstring Wess–Zumino
term.
9Note that on the shell of Eqs. (4.11), (4.12), R =
0 = R¯, the equations for the tensor multiplet (4.5), (4.6)
simplify to
D¯D¯[se−
Φ
2 Dαe
Φ
2 +DαKaa − 4iσbαβ˙W
bβ˙ +
+ 12 (σ[aσ˜b])α
βDβW
ab] = 0 , (4.16)
DD[se−
Φ
2 D¯α˙e
Φ
2 +D¯α˙Kaa − 4iσbβα˙W bβ −
− 12 (σ˜[aσb)
β˙
α˙D¯β˙W
ab] = 0 . (4.17)
D. Superfield generalization of the Einstein and
Rarita–Schwinger equations with sources
In the minimal (off-shell) supergravity the superfield
generalization of the Ricci tensor and of the Rarita–
Schwinger spin–tensor are expressed through the vector
and chiral scalar superfields as follows (see [37] as well as
[17] and refs. therein)
Rbc
ac = 132 (D
βD¯(α˙|Gα|β˙) − D¯β˙D(βGα)α˙)σaαα˙σbββ˙ −
− 364 (D¯D¯R¯+DDR − 4RR¯)δ
a
b , (4.18)
Ψaα˙ := ǫ
abcdTbc
ασdαα˙ =
= i8 σ˜
aβ˙βD¯(β˙|Gβ|α˙) +
3i
8 σ
a
βα˙D
βR . (4.19)
On the mass shell of the interacting system, taking into
account the superfield equations of motion (4.12), (4.11),
one finds that the scalar curvature vanishes
Rab
ab = 0 , (4.20)
the Ricci tensor (4.18) and the Rarita–Schwinger spin–
tensor (4.19) simplify. Then, to obtain the superfield gen-
eralization of the Einstein and Rarita–Schwinger equa-
tions for the interacting system one substitutes in Eqs.
(4.18), (4.19) with R = 0 = R¯ the formal solution
Ga =
1
1− se
Φ
2
Ja + Ga(Φ) (4.21)
of the superfield equation (4.13). In (4.21) Ga(Φ) denotes
the on–shell ‘value’ of the Ga superfield in the system of
supergravity interacting with a dynamical tensor multi-
plet, i.e. in the absence of the superstring,
Ga(Φ) := s
5 + 3Φ2
1− se
Φ
2
σ˜β˙βa [Dβ , D¯β˙ ]e
Φ
2 +
+
3s
1− se
Φ
2
σ˜β˙βa e
−Φ2 Dβe
Φ
2 D¯β˙e
Φ
2 . (4.22)
Thus the superfield generalizations of the Rarita–
Schwinger and the Einstein equations in the
supergravity–tensor multiplet—superstring interact-
ing system read
Ψaα˙ := ǫ
abcdTbc
ασdαα˙ =
i
8
σ˜aβ˙βD¯(β˙|Gβ|α˙)(Φ) +
+
i
8
σ˜aβ˙βD¯(β˙|
(
Jβ|α˙)/(1− se
Φ
2 )
)
(4.23)
and
Rbc
ac =
1
32
(
DβD¯(α˙|Gα|β˙)(Φ)−
− D¯β˙D(βGα)α˙(Φ)
)
σaαα˙σbββ˙ +
+
1
32
(
DβD¯(α˙|[J α|β˙)/(1− se
Φ
2 )]−
− D¯β˙D(β [J α)α˙/(1− se
Φ
2 )]
)
σaαα˙σbββ˙ . (4.24)
The spacetime Einstein and Rarita–Schwinger equa-
tions can be obtained as the leading (θ = 0) components
of the superfield equations (4.24), (4.23) in the Wess-
Zumino gauge (see [17, 22, 37], refs. therein and also
Sec. VA below). One should note that
Tab
α|θ=0 = 2eµae
ν
bD[µψ
α
ν](x)−
− i4 (ψ[aσb])β˙G
αβ˙ |θ=0 −
i
4 (σ˜[aψ¯b])
αR|θ=0 (4.25)
differs from the standard definition of the gravitino field
strength, D[µψ
α
ν](x) = ∂[µψ
α
ν](x) − ψ
β
[ν(x)wµ]β
α|θ=0 by
the leading components of the main superfields Ga|θ=0
and R|θ=0 only. In our case on the mass shell R|θ=0 = 0
(see (4.12)) and the Ga superfield is determined by Eqs.
(4.21), (4.22). Thus
Tab
α|θ=0 = 2eµae
ν
bD[µψ
α
ν](x) −
i
4 (ψ[aσb])β˙G
αβ˙(Φ)|θ=0 −
− i
4(1−se
φ(x)
2 )
(ψ[aσb])β˙J
αβ˙(Φ)|θ=0 , (4.26)
where φ(x) = Φ|θ=0.
E. Superfield generalization of the Kalb–Ramond
gauge field equations with source for the interacting
system
Taking the vector covariant derivative of the expression
(1.46) for Habc, one finds the off-shell expression for the
l.h.s of the 2-superform gauge field equation,
DcHabc =
1
32
(σ[aσ˜b])
αβD(αD¯D¯Dβ)e
Φ
2 + c.c. −
−
1
2
[Da , Db]e
Φ
2 +
1
2
G[aDb]e
Φ
2 +
1
2
HabcG
c +
+
5
32
ǫabcdD
c(e
Φ
2 Gd)−
−
i
64
(σ[aσ˜b])
αβWαβγD
γe
Φ
2 + c.c. . (4.27)
To arrive from (4.27) at the (superfield generalization)
of the antisymmetric tensor gauge field equations (Kalb–
Ramond equations), we shall substitute the expression
for D(αD¯D¯Dβ)e
Φ
2 which follows from acting by the spinor
covariant derivativeDβ on the superfield equations of mo-
tion (4.16) for the tensor multiplet and, then, substitute
(4.21) for Ga. The equations thus obtained have quite
a complicated form. Writing explicitly only the terms
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with the maximal number of the spinor covariant deriva-
tives acting on the current prepotentials (see below for a
special roˆle of such terms) one gets
sDcHabc = −
1
32
e−
Φ
2 (σ[aσ˜b])
αβD(αD¯D¯Dβ)Ka
a +
+
i
8
e−
Φ
2 (σ[aσ˜b]σc)αα˙D
αD¯D¯W α˙c −
−
1
64
e−
Φ
2 (σ[aσ˜b]σ[cσ˜d])α
βDβD¯D¯D
αW cd +
+ c.c. + . . . . (4.28)
A further study of the complete form of the superfield
equations for the tensor multiplet and for the Kalb–
Ramon gauge field entering that multiplet will be the
subject of a separate paper.
Below we will show that the knowledge of the general
form of the tensor multiplet superfield equations with
the source, Eq. (4.16), and of its relation to the gauge
field equation (through Eq. (4.28)) already allow one to
make interesting conclusions that provide a shortcut in
the study of the interacting system.
V. GAUGE EQUIVALENT DESCRIPTION OF
THE SUPERFIELD INTERACTING SYSTEM
A. Superdiffeomorphism symmetry gauge fixing
The interacting action (4.1) is manifestly invariant un-
der the local Lorentz symmetry and under superdiffeo-
morphisms
Z ′M = ZM + bM (Z) :
{
x′µ = xµ + bµ(x, θ) ,
θ′α˘ = θα˘ + εα˘(x, θ) ,
(5.1)
E′A(Z ′) = EA(Z), Φ′(Z ′) = Φ(Z)
w′ab(Z ′) = wab(Z) , etc. , (5.2)
which act on the superstring variables, coordinate func-
tions ZˆM = ZˆM (ξ) ≡ (xˆµ(ξ) , θˆα˘(ξ)), by the pull–back
of the transformations (5.1),
Zˆ ′M = ZˆM + bM (Zˆ) :
{
xˆ′µ(ξ) = xˆµ + bµ(xˆ, θˆ) ,
θˆ′α˘(ξ) = θˆα˘ + εα˘(xˆ, θˆ) .
(5.3)
The action (4.1) is also invariant under the worldsheet
reparametrizations and under the κ–symmetry (1.52),
which act on the coordinate functions only.
Thus, omitting the worldvolume reparametrization for
simplicity, the complete variation of the superstring co-
ordinate function under the local symmetries of the in-
teracting action (4.1) is given by
δZˆM (ξ) = bM (Zˆ(ξ)) + δκZˆ
M (ξ) , (5.4)
where δκZˆ
M (ξ) is defined in (1.52).
Now we observe [17, 35] that the superdiffeomorphism
symmetry can be used to fix the ‘fermionic unitary gauge’
θˆαˇ(ξ) = 0 ⇔ ZˆM (ξ) = (xˆµ(ξ) , 0 ) . (5.5)
Moreover, in the same manner as in [17] one can show
that this gauge can be fixed simultaneously with the
Wess–Zumino gauge for supergravity (see [40], [17] and
refs. therein),
θα˘E aα˘ (x, θ) = 0 , θ
α˘(E
β
α˘ (x, θ)− δ
β
α˘ ) = 0 , (5.6)
θα˘wabα˘ (x, θ) = 0 ,
where, in particular, [22, 37]
E aµ |θ=0 ∝ e
a
µ (x) , E
α
µ |θ=0 ∝ ψ
α
µ , (5.7)
E a
β˘
|
θ=0
= 0 , E
α
β˘
|
θ=0
= δ
α
β˘
, (5.8)
wabµ |θ=0 ∝ ω
ab
µ (x) . (5.9)
This can be understood by observing that, although
both gauges, Eqs. (5.6) and (5.5), are fixed with the
use of the same superdiffeomorphism symmetry with the
parameter bM (Z) = bM (x, θ), the transformation rules
of the supergravity superfields involve only derivatives
of bM (x, θ) (characteristic property of the gauge field
transformations), while the transformation rules of the
coordinate functions ZˆM (ξ) (5.4) contain the additive
contribution of bM (Zˆ(ξ)) = bM (xˆ(ξ), θˆ(ξ)) (characteris-
tic property of the Goldstone field transformations, but
for Goldstone fields defined on a surface in superspace,
see Sec. VIIB of [17] and [35, 36]).
B. Gauge fixed action
Let us discuss what happens with the interacting ac-
tion (4.1), (4.2) in the gauge (5.5), (5.6). After integra-
tion over the Grassmann coordinates, the Wess–Zumino
supergravity action (2.1) becomes the standard super-
gravity action with the minimal set of auxiliary fields
[41],
SSG =
∫
d4xd˜4θ sdet(EAM ) ∝
∝ Ssg =
∫
d4x(eR+ ǫµνρσψ¯µγ5γνDρψσ)
+O(ga(x), r(x), r¯(x)) , (5.10)
where R = Rµνab(x)eµa(x)e
ν
b (x) is the scalar curvature of
spacetime, e = det(eaµ) and O(ga(x), r(x), r¯(x)) denotes
terms with auxiliary fields
Ga|θ=0 ∝ ga(x) , R|θ=0 ∝ r(x) , R¯|θ=0 ∝ r¯(x) (5.11)
which are not essential for the consideration below. The
improved tensor multiplet action (1.49) also entering
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(4.1), becomes, schematically, (see [24])
STM = s
∫
d8Z E Φ(Z)2 e
Φ(Z)
2 ∝
∝ Stm =
∫
d4xe[ 12e
φ(x)
2 gµνDµφDνφ+
1
3!H
µνρHµνρ +
+ie
φ
2 (Daχασaαα˙χ¯
α˙ + c.c.) + . . .] , (5.12)
where Dµ denotes the spacetime covariant derivatives
and the component fields of the tensor multiplet are de-
fined by
Φ|
θ=0
∝ φ(x) , Dαe
Φ
2 |
θ=0
∝ χα(x) , (5.13)
and (cf. (1.45))
[Dα, D¯α˙]e
Φ
2 |
θ=0
∝ σaαα˙e
a
µ(x)ǫ
µνρσHνρσ , (5.14)
Hµνρ(x) = 3∂[µBνρ](x). In (5.12) we have written explic-
itly only the kinetic terms; the remaining ones may be
extracted from the formulae in [24] and are not essential
for what follows.
Finally, the superstring action (4.2) in the gauge (5.5)
reduces to the bosonic string action
Ssstr |θˆ=0 ∝ Sbstr =
∫
W 2
[
1
4
∗ eˆa ∧ eˆ
ae
φˆ
2 −B2(xˆ)] (5.15)
=
∫
W 2
[
1
2
d2ξ
√
|det(eˆameˆan)|e
φ(xˆ)
2 −B2(xˆ)
]
,
where
B2(xˆ) =
1
2
dxˆµ ∧ dxˆνBµν(xˆ) = d
2ξ∂τ xˆ
µ∂σxˆ
νBµν(xˆ) .
Thus the complete gauge fixed action for the interact-
ing system reads
Sint GF = Ssg(e, ψ, ga, r, r¯) + Stm(φ, χ,B ; e, ψ, ga) +
+ Sbstr(xˆ ; e,B) , (5.16)
with Ssg, Stm and Sbstr defined in (5.10), (5.12) and
(5.15), respectively.
C. Supersymmetry of the gauge fixed action
Note that, although the gauge fixed action (5.16) in-
cludes the action for the purely bosonic string (5.15), it
possesses 1/2 of the local supersymmetry characteristic
for the supergravity action. Actually, the direct proof of
this fact can be found in [34]. Here we will show this in a
different way which is based on the observation that the
symmetries of the gauge fixed action (5.16) can be iden-
tified as a subset of the symmetries of the complete (su-
perfield) action (4.1) which preserve the gauge (5.5) and
the Wess–Zumino gauge (see [17] for the supergravity—
superparticle interacting system).
Firstly note that in the Wess–Zumino gauge (5.6) the
index of the superspace Grassmann coordinate is identi-
fied with the Lorentz group spinor index. Indeed, due to
the second equation in (5.6),
θβ ≡ (θβ , θ¯β˙) := θ
α˘E
β
α˘ (Z) = θ
α˘δ
β
α˘ . (5.17)
Clearly, the same is true for the superstring spinorial
Grassmann coordinate functions. Their transformation
rules can be read off Eq. (5.4),
δθˆα(ξ) = bM (xˆ, θˆ)EαM (xˆ, θˆ) + δκθˆ
α(ξ) , (5.18)
where δκθˆ
α(ξ) reads (see Eqs. (1.52) and (5.17))
δκθˆ
α(ξ) = κ¯nα˙(δ
m
n −
√
|g|ǫnkg
km)Eˆam(xˆ, θˆ)σ˜
α˙α
a ,
δκ
ˆ¯θα˙(ξ) = (δκθˆ
α(ξ))∗ . (5.19)
Clearly, the superdiffeomorphism parameter bM (x, θ)
in (5.18) is to be restricted by the conditions of the
preservation of the Wess–Zumino gauge. However (see
[22], [40], [17] and refs therein) the parameter ǫα(x) =
bM (x, 0)EαM (x, 0) remains unrestricted and is identified
with the parameter of the local supersymmetry of the
component (spacetime) formulation of supergravity.
Now, the preservation of the gauge (5.5), θˆα(ξ) = 0,
imposes the condition δθˆα(ξ)|θˆα(ξ)=0 = 0, i.e.
ǫα(xˆ) = −δκθˆ
α(ξ)|θˆα(ξ)=0 =
= −κ¯nα˙(ξ)(δ
m
n −
√
|g|ǫnkg
km)eˆam(xˆ)σ˜
α˙α
a , (5.20)
on the parameter of the local supersymmetry. This re-
striction appears only on the string worldsheet and ex-
presses the pull–back ǫα(xˆ) of the supersymmetry pa-
rameter ǫα(x) through a worldsheet parameter κ¯nα˙(ξ)
contracted (on both indices) with the expression (δmn −√
|g|ǫnkgkm)eˆam(xˆ)σ˜
α˙α
a . The latter is the θˆ = 0 ‘value’ of
the Green–Schwarz κ–symmetry ‘projector’ and makes
only one parameter included in κ¯nα˙(ξ) being involved ef-
fectively in the expression.
Thus on the worldsheetW 2 of a (dynamical) string the
4 parameters of local supersymmetry of the free super-
gravity are reduced, by the condition of the invariance of
the gauge fixed interacting action (5.16), to the 2 effec-
tive parameters of the κ–symmetry–like transformations,
while out of W 2 these 4 parameters, ǫα(x), ǫ¯α˙(x), remain
unrestricted. This can be characterized by stating the
preservation of the 1/2 of the local supersymmetry of
the free supergravity by the gauge fixed interacting ac-
tion (5.16).
D. On equations of motion following from the
gauge fixed action
An important observation is that the gauge fixed ver-
sion of the superstring action (5.15) involves only the
physical bosonic fields of the supergravity and tensor
multiplet, the graviton eaµ(x), the antisymmetric tensor
Bµν(x) and the scalar φ(x). Neither auxiliary fields nor
fermions appear in the string action (5.15). As a result,
both the equations for the auxiliary fields and for the
fermions of the interacting system (5.16) will keep for-
mally the same form as in the absence of superstring. In
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particular, this means that in the gauge (5.5), (5.6) nei-
ther the Rarita–Schwinger equations, nor the equations
for the fermionic field of the tensor multiplet will include
a source term from the superstring (although they will
be written with covariant derivatives for the spin connec-
tions satisfying the sourceful Einstein equations with an
input from the superstring energy–momentum tensor).
This is a manifestation of a counterpart of the super–
Higgs effect in dynamical supergravity interacting with a
superstring or superbrane object, which we will address
in a separate paper (see [36] for a spacetime counterpart
of the Higgs effect in general relativity interacting with
material particles, strings and p–branes).
Similar properties have already been found in the dy-
namical D = 4 N = 1 supergravity interacting with a
massless superparticle [17]. The present consideration
generalizes it for the case of dynamical supergravity in-
teracting with a simplest supersymmetric extended ob-
ject.
Below we present a simple check of the gauge equiv-
alence described above at the level of equations of mo-
tion. Namely we will show that the dynamical equations
for fermions, which follow from the superfield equations
(4.11), (4.12), (4.13), (4.16), are indeed sourceless in the
gauge (5.5), (5.6).
E. Superfield equations and the equations for
physical fields in the ‘fermionic unitary’ gauge
The superstring contributions to all the superfield
equations of motion, Eqs. (4.16), (4.17) and (4.13) (or,
equivalently, (4.21), (4.22)) with (4.15), come in the form
of current prepotentials (4.8), (4.7), or their derivatives.
This is true as well for their consequences like Eqs. (4.23),
(4.24), (4.28).
Both current prepotentials (4.8) and (4.7) contain the
superspace delta function
δ8(Z − Zˆ) = δ4(x− xˆ)(θ − θˆ)4 (5.21)
integrated over W 2 with the corresponding measure. In
the gauge (5.5), θˆαˇ(ξ) = 0, the delta function becomes
proportional to the highest degree of the Grassmann co-
ordinate θ
θˆαˇ = 0 : δ8(Z − Zˆ) = δ4(x − xˆ)θ4 (5.22)
As a result, in this gauge both superstring current pre-
potentials are proportional to the fourth degree of the
Grassmann coordinate,
KBa ∝ θ
4 , WAB ∝ θ4 . (5.23)
Then a covariant derivative of any of the current prepo-
tentials is proportional to θ3,
DCK
B
a ∝ θ
3 , DCW
AB ∝ θ3 . (5.24)
The action of two derivatives which is not reducible to
one derivative, D2AB = DADB + (−1)
ABDADB but not
[DA,DB} = −TABCDC + RAB (e.g., D2αβ˙ ≡ [Dα, D¯β˙ ],
but not {Dα, D¯β˙} = 2iσ
a
αβ˙
Da) may result in expressions
proportional to θ2,
D2CDK
B
a ∝ θ
2 , DCDW
AB ∝ θ2 , (5.25)
etc.,
D3CDEK
B
a ∝ (θ)
1 , D3CDEW
AB ∝ (θ)1 . (5.26)
Only the action of four derivatives may produce a ∝ θ0
input, i.e. terms which have a nonvanishing θ = 0 value,
D4CDEFK
B
a ∝ θ
0 , D4CDEFW
AB ∝ θ0 . (5.27)
This implies, in particular, that the current potential
(4.15) is proportional to the second power of the super-
space Grassmann coordinate,
Ja ∝ θ
2 . (5.28)
Then
DAJa ∝ θ
1 , (5.29)
and only the second derivative of the current potential
may produce a term with a nonvanishing leading compo-
nent (θ–independent part),
D2BCJa ∝ θ
0 (5.30)
The spacetime fermionic equations of motion of the
interacting system may be obtained as leading (θ = 0)
components of the Eqs. (4.23) and (4.16). Ignoring the
inputs with a smaller number of derivatives applied to the
current potential, one can write the leading components
of Eq. (4.23) as
(Ψaα˙ − Ξ
a
α˙(Φ))|θ=0 ∝ DBJa|θ=0 (5.31)
where Ξaα˙(Φ) denotes the tensor multiplet contribution to
the gravitino equation, which is given by the first term
in the r.h.s. of Eq. (4.23). Then Eq. (5.29) implies that
the r.h.s. of Eq. (5.32) vanishes in the gauge (5.5), i.e.
that in this gauge Eq. (5.32) reads
Ψaα˙|θ=0 = Ξ
a
α˙(Φ)|θ=0 (5.32)
and does not contain an explicit input from the super-
string.
In the same manner one finds that the dynamical equa-
tion for the fermionic component of the tensor multiplet,
given by the leading component of (4.16)
sD¯D¯[e−
Φ
2 Dαe
Φ
2 ]|
θ=0
= −D¯D¯DαKa
a|
θ=0
−
−
1
2
(σ[aσ˜b])α
βD¯D¯DβW
ab]|
θ=0
+ 4iσbαβ˙ |θ=0D¯D¯W
bβ˙ |
θ=0
, (5.33)
13
implies, in the light of Eq. (5.26), that the superstring–
produced r.h.s. of this equation vanishes in the gauge
(5.5),
sD¯D¯[e−
Φ
2 Dαe
Φ
2 ]|
θ=0
= 0 . (5.34)
As far as the bosonic superfield equations are con-
cerned, they preserve the nontrivial input from the su-
perstring source in the gauge (5.5). Indeed, the lead-
ing components of Eqs. (4.24), (4.28) contain the second
derivatives of the current potential and fourth derivatives
of the current prepotentials, which remain nonvanishing
in accordance with Eqs. (5.30) and (5.26).
The explicit form of the Einstein equation can be
derived in a way close to the one used in [17] for
the supergravity—superparticle interacting system (al-
though the presence of both Nambu–Goto and Wess–
Zumino terms in the superstring action, as well as of the
tensor multiplet in the action of the interacting system,
makes the Einstein equation of the supergravity—tensor
multiplet—superstring system a bit more complicated).
As far as the Kalb–Ramon field equations are concerned,
taking into account Eqs. (5.23)–(5.27) and the conditions
of the Wess–Zumino gauge (5.6), (5.7) (which implies, in
particular, DαD¯D¯D
β(θ)4 ∝ δβα+O(θ)) one finds that, in
the gauge (5.5), the leading component of the superfield
equation (4.28) becomes
sDcHabc|θ=0 =
1
16
e−
φ
2wcd + . . . , (5.35)
where
wba :=
1
2
∫
W 2
1
eˆ
eˆb ∧ eˆa δ4(x− xˆ) . (5.36)
Hence, in the gauge (5.5) the superstring input on the
r.h.s. of the Kalb–Ramond gauge field equation for the
supergravity—tensor multiplet—superstring interacting
system is nonvanishing and, moreover, coincides with the
input of the bosonic string.
Thus we have checked that the spacetime equations
of motion for the fermionic fields which follow from the
complete superfield action (4.1) of the supergravity—
tensor multiplet—superstring interacting system become
sourceless in the gauge (5.5). This is true both for the
gravitino equations and for the fermionic field of the
tensor multiplet. At the same time, the corresponding
bosonic equations are clearly sourceful in any gauge. This
is a characteristic property of the equations which follow
from the gauge fixed action (5.16).
We should note that the gauge fixed fermionic equa-
tions are not completely decoupled from the superstring.
They are written in terms of the spacetime covariant
derivatives with (composed) spin–connections satisfying
the Einstein equation with a source. The same is true
for the equations derived directly from the gauge fixed
action (5.16).
F. On possible application of the gauge equivalence
Note that the gauge fixed description (5.16) of the su-
perfield interacting system (5.16) is complete in the fol-
lowing sense. Along the line of [34] one may check that
the gauge fixed action (5.10), (5.12) reproduces the gauge
fixed version of all the dynamical equations which might
be derived from the complete superfield action, including
the fermionic equations for the bosonic string. This is the
manifestation of the purely gauge (or Goldstone) nature
of the superstring coordinate functions ZˆM (ξ) (not to be
confused with the supercoordinates ZM ; see [36] and [35]
for further discussion).
A counterpart of the gauge fixed action (5.16) can
be written in any dimension, for any supergravity in-
teracting with any superbrane. Hence, using the above
described gauge equivalence one may already proceed
with studying the D = 11 supergravity interacting with
super–M2–branes and super–M5–branes, as well as the
D = 10 type II supergravity interacting with super–Dp–
branes (in spite of the fact the D = 10, 11 superfield
supergravity actions are not known).
VI. CONCLUSIONS
In this paper we studied the full superfield Lagrangian
description of the D = 4 interacting system of dynamical
supergravity and a superstring described by the sum S =
SSG + STM + Ssstr of the superfield supergravity action
SSG [22], the Green–Schwarz superstring action Sstr [23]
and a superfield action for the dynamical tensor multiplet
STM [24].
The superfield theoretical system S = SSG+STM was
argued to be related to the low–energy limit of D = 4
compactification of the heterotic superstring [25],[18] (see
also [28]) and considered in [27, 29]. So, our main interest
here has been to analyze the influence of the superstring
action Ssstr on the dynamics of the interacting system,
namely in the superstring–produced source terms both
in the superfield and component form of the equations.
We have obtained the complete set of superfield equa-
tions with sources provided by the superstring. In the
supergravity sector we found that the scalar superfield
equation remains the same as for free supergravity, while
the vector superfield equation is modified both by the
interaction with the tensor multiplet and by the source
(current potential) coming from the superstring. The
current potential is constructed from the two types of
current prepotentials coming from the variation of the
Nambu–Goto and the Wess–Zumino terms of the super-
string action, respectively. The superfield equations for
the tensor multiplet are also modified by inputs from the
above mentioned current prepotentials. The equations of
motion for the supersting variables are the same as in the
background of supergravity interacting with dilaton and
super–2–form superfields.
By analyzing the gauge symmetries and taking into
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account the properties of the Wess–Zumino gauge (see
[17] and refs. therein) we have shown that there exists a
complete gauge equivalent description of the ‘superfield’
interacting system, S = SSG+STM +Ssstr, given by the
sum S = Ssg + Stm + Sbstr of the spacetime component
action for supergravity Ssg (without auxiliary fields), the
component action for the tensor multiplet Stm and the
action for a bosonic string Sstr (which appears as the
purely bosonic ‘limit’ of the supersting action Ssstr). We
checked this gauge equivalence by studying the proper-
ties of the gauge fixed version of the equations of mo-
tion derived from the complete superfield action. Despite
the quite complicated form of the superfield generaliza-
tions of the Einstein and Rarita–Schwinger equations,
as well as of the Kalb–Ramond equations and the equa-
tions for the fermionic fields of the tensor multiplet, it
turned out quite easy to show that in the above men-
tioned ‘fermionic unitary gauge’ all the fermionic equa-
tions are sourceless (although they include the covariant
derivatives with the spin connections obeying the source-
ful Einstein equations) while the bosonic equations, in-
cluding the Einstein and Kalb–Ramond field equations,
acquired a source from the supersting.
This extends the supergravity–massless superparticle
results of [17] to the case of dynamical interacting sys-
tems including supergravity and an extended supersym-
metric object and stringly supports that the above men-
tioned gauge equivalence is not an artifact of the sim-
pler massless superparticle case, but rather is a general
property of the above mentioned interacting systems. As
the component actions for supergravity are known in all
dimensions, including D = 10, 11 (the most interesting
from an M–theoretic perspective), our results allows one
to obtain and to study the complete set of equations
for dynamical supergravity interacting with dynamical
super–p–brane, at least in its gauge fixed version. This
promises to be a useful tool in a future search for new
solitonic solutions of higher dimensional supergravity in-
cluding the ones with nonvanishing fermionic fields.
An analysis of the superfield equations with sources ob-
tained in this paper, the search for their possible higher
dimensional generalization as well as the investigation
of the D = 10, 11 supergravity–superbrane interacting
systems with the use of the gauge equivalence of their
complete superfield description with the description by
the sum of spacetime (component) action for supergrav-
ity and the action for bosonic brane will be the subject
of future work.
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